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AFFINE SCREENING OPERATORS, AFFINE LAUMON SPACES, AND
CONJECTURES CONCERNING NON-STATIONARY RUIJSENAARS
FUNCTIONS
J. SHIRAISHI
Dedicated to the memory of Professor Tohru Eguchi
Abstract. Based on the screened vertex operators associated with the affine screening
operators, we introduce the formal power series f ĝlN (x, p|s, κ|q, t) which we call the non-
stationary Ruijsenaars function. We identify it with the generating function for the Euler
characteristics of the affine Laumon spaces. When the parameters s and κ are suitably cho-
sen, the limit t → q of f ĝlN (x, p|s, κ|q, q/t) gives us the dominant integrable characters of
ŝlN multiplied by 1/(p
N ; pN)∞ (i.e. the ĝl1 character). Several conjectures are presented
for f ĝlN (x, p|s, κ|q, t), including the bispectral and the Poincare´ dualities, and the evalu-
ation formula. The main conjecture asserts that (i) one can normalize f ĝlN (x, p|s, κ|q, t)
in such a way that the limit κ → 1 exists, and (ii) the limit f st. ĝlN (x, p|s|q, t) gives us the
eigenfunction of the elliptic Ruijsenaars operator. The non-stationary affine q-difference
Toda operator TĝlN (κ) is introduced, which comes as an outcome of the study of the
Poincare´ duality conjecture in the affine Toda limit t → 0. The main conjecture is ex-
amined also in the limiting cases of the affine q-difference Toda (t → 0), and the elliptic
Calogero-Sutherland (q, t → 1) equations.
1. Introduction
In this article, we introduce an affine analogue f ĝlN (x, p|s, κ|q, t) of the asymptotically
free eigenfunction f glN (x|s|q, t) [S, NS, BFS] for the Macdonald operator [M]. We call
f ĝlN (x, p|s, κ|q, t) the non-stationary Ruijsenaars function. We derive it from a construction
based on the algebra of the affine (or toroidal) screening operators [FKSW1, FKSW2, KS].
(See Theorem 2.13 in §2.) Then, comparing the characters, we identify f ĝlN (x, p|s, κ|q, 1/t)
with the Euler characteristics of the affine Laumon spaces [FFNR]. (See Theorem 3.3 and
Proposition 3.4 in §3.) Most probably, when the parameters are chosen as in Definition 1.6
below (corresponding to the dominant integrable representations of ŝlN ), f
ĝlN (x, p|s, κ|q, q/t)
coincides with Etingof and Kirillov Jr.’s affine Macdonald polynomial [EK], up to some nor-
malization factor. Based on the same philosophy as in the work of Atai and Langmann for
the non-stationary Heun and Lame´ equations [AL], we present several conjectures which
support the idea that the f ĝlN (x, p|s, κ|q, t) could be applied for the eigenvalue problems
associated with the elliptic Ruijsenaars operator [R], and whose particular degeneration
limits including the q-difference affine Toda system, elliptic Calogero-Sutherland system.
Let N ∈ Z≥2. Introduce the collections of independent indeterminates
(x, p) = (x1, x2, . . . , xN , p), (s, κ) = (s1, s2, . . . , sN , κ).
1
Extend the indices of x and s to Z, assuming the cyclic identifications xi+N = xi and
si+N = si. Let ω be the permutation acting on (x, p) and (s, κ) by ωxi = xi+1, ωp =
p, ωsi = si+1, ωκ = κ. A sequence λ = (λ1, λ2, . . .) of non-increasing non-negative integers
with finitely many positive parts is called a partition, i.e. λi ∈ Z≥0, λ1 ≥ λ2 ≥ · · · , and
|λ| :=
∑
i λi < ∞. Let P be the set of all partitions. Transposition of λ is denoted by λ
′.
We use the standard notation for the shifted products as in (7) below, see [GR] as for the
detail.
Definition 1.1. For k ∈ Z/NZ, and λ, µ ∈ P, set
N
(k|N)
λ,µ (u|q, κ) = N
(k)
λ,µ(u|q, κ)
=
∏
j≥i≥1
j−i≡k (modN)
(uq−µi+λj+1κ−i+j ; q)λj−λj+1 ·
∏
β≥α≥1
β−α≡−k−1 (modN)
(uqλα−µβκα−β−1; q)µβ−µβ+1 .
Note that the ordinary K-theoretic Nekrasov factor [Nek] reads
Nλ,µ(u|q, κ) =
∏
(i,j)∈λ
(1− uq−µi+j−1κλ
′
j−i) ·
∏
(k,l)∈µ
(1− uqλk−lκ−µ
′
l
+k−1),
or equivalently
Nλ,µ(u|q, κ) =
∏
j≥i≥1
(uq−µi+λj+1κ−i+j ; q)λj−λj+1 ·
∏
β≥α≥1
(uqλα−µβκα−β−1; q)µβ−µβ+1 .
We have the factorization Nλ,µ(u|q, κ) =
∏N
k=1N
(k|N)
λ,µ (u|q, κ).
Definition 1.2. Let f ĝlN (x, p|s, κ|q, t) be the formal power series
f ĝlN (x, p|s, κ|q, t) ∈ Q(s, κ, q, t)[[px2/x1, . . . , pxN/xN−1, px1/xN ]],
f ĝlN (x, p|s, κ|q, t) =
∑
λ(1),...,λ(N)∈P
N∏
i,j=1
N
(j−i|N)
λ(i),λ(j)
(tsj/si|q, κ)
N
(j−i|N)
λ(i),λ(j)
(sj/si|q, κ)
·
N∏
β=1
∏
α≥1
(pxα+β/txα+β−1)
λ
(β)
α .
We call f ĝlN (x, p|s, κ|q, t) the non-stationary Ruijsenaars function.
Note that we have ωf ĝlN (x, p|s, κ|q, t) = f ĝlN (x, p|s, κ|q, t). In §2, a derivation is pre-
sented for the series f ĝlN (x, p|s, κ|q, t) as a matrix element of a composition of certain
screened vertex operators associated with the affine (or toroidal) screening operators found
in [FKSW1, FKSW2, KS]. See Theorem 2.13. For the moment, the role of the deformed
W -algebras associated with the affine screening operators remains unclear.
A simple calculation using the q-binomial formula [GR] gives us the following factorization
formula. See Remark 4.5 below.
Proposition 1.3. Setting κ = 0, we have
f ĝlN (x, p|s, 0|q, t) =
∏
1≤i<j≤N
(pj−iqxj/xi; q, p
N )∞
(pj−itxj/xi; q, pN )∞
·
∏
1≤i≤j≤N
(pN−j+iqxi/xj ; q, p
N )∞
(pN−j+itxi/xj ; q, pN )∞
.
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Dividing f ĝlN (x, p|s, κ|q, t) by f ĝlN (x, p|s, 0|q, t), we introduce the normalized version
ϕĝlN (x, p|s, κ|q, t) as follows.
Definition 1.4. Let ϕĝlN (x, p|s, κ|q, t) be the formal power series
ϕĝlN (x, p|s, κ|q, t) ∈ Q(q, t)[[px2/x1, . . . , pxN/xN−1, px1/xN , κs2/s1, . . . , κsN/sN−1, κs1/sN ]],
ϕĝlN (x, p|s, κ|q, t)
=
∏
1≤i<j≤N
(pj−itxj/xi; q, p
N )∞
(pj−iqxj/xi; q, pN )∞
·
∏
1≤i≤j≤N
(pN−j+itxi/xj ; q, p
N )∞
(pN−j+iqxi/xj ; q, pN )∞
· f ĝlN (x, p|s, κ|q, t), (1)
where the coefficients
∏N
i,j=1N
(j−i|N)
λ(i),λ(j)
(tsj/si|q, κ)/N
(j−i|N)
λ(i) ,λ(j)
(sj/si|q, κ) in f
ĝlN (x, p|s, κ|q, t)
are Taylor expanded in κ at κ = 0.
We have ωϕĝlN (x, p|s, κ|q, t) = ϕĝlN (x, p|s, κ|q, t).
Conjecture 1.5. We have the duality properties
ϕĝlN (x, p|s, κ|q, t) = ϕĝlN (s, κ|x, p|q, t) (bispectral duality), (2)
ϕĝlN (x, p|s, κ|q, t) = ϕĝlN (x, p|s, κ|q, q/t) (Poincare´ duality). (3)
These bispectral and the Poincare´ duality conjectures for ϕĝlN (x, p|s, κ|q, t) are regarded
as affine analogues of the ones for the Macdonald function ϕglN (x|s|q, t) established in Noumi
and the present author’s paper [NS]. See Proposition 4.7 in §4 below.
We show that the series f ĝlN (x, p|s, κ|q, 1/t) is the generating function for the Euler
characteristic Jd(s, κ|q, t) =
∑
i,j(−1)
i+jtj[H i(Pd,Ω
j
Pd
)] of the de Rham complex of the
affine Laumon space Pd studied in [FFNR]. See Theorem 3.3 and Proposition 3.4 in §3.
The key for this identification between f ĝlN (x, p|s, κ|q, 1/t) and the geometric object (the
Euler characteristics of the affine Laumon spaces), is a comparison of the combinatorial
identities given in Propositions 3.1 and 3.2.
We remark that in [Neg1, Neg2] Braverman’s conjecture [B] was proved, showing that
the generating function of the Chern polynomials of the (affine) Laumon spaces satisfies
the (elliptic) Calogero-Sutherland equation (Theorem 7.1 in [Neg1] and Theorem 1.5 in
[Neg2]). In view of Conjecture 7.2 below, it seems plausible that the normalized series
ϕĝlN (x, p|s, κ|q, 1/t) admits a similar interpretation in terms of the Chern polynomials of
the affine Laumon spaces, or Hirzebruch-Riemann-Roch theorem.
The Schur polynomials are obtained from the Macdonald polynomials by taking the
limit t → q. In the same manner, we have the ŝlN dominant integrable characters (up
to the character of ĝl1) from f
ĝlN (x, p|s, κ|q, q/t) by considering the limit t → q. Set
δ = (N − 1, N − 2, . . . , 1, 0). Here and hereafter, we use the standard notation as tδs =
(tN−1s1, t
N−2s2, . . . , tsN−1, sN ).
Definition 1.6. Let K be a nonnegative integer. We call K the level. Let µ = (µ1, . . . , µN )
be a partition satisfying the condition K + µN − µ1 ≥ 0. Then set
s = (κt)δqµ = q−Kδ/N+µ, κ = q−K/N t−1. (4)
3
i.e. for s, we set si = q
−K(N−i)/N+µi (1 ≤ i ≤ N).
For such K and µ, we have the level K dominant integrable weight Λ(K,µ) = (K+µN −
µ1)Λ0+
∑N−1
i=1 (µi−µi+1)Λi, and the dominant integrable representation L(Λ(K,µ)) of ŝlN ,
where Λ0, . . . ,ΛN−1 denote the fundamental weights. Denote by ch
ŝlN
L(Λ(K,µ)) the character
of L(Λ(K,µ)) associated with the principal gradation.
Theorem 1.7. Let K,µ, s, κ be fixed as in (4).We have
lim
t→q
xµf ĝlN (x, p|q−Kδ/N+µ, q−K/N t−1|q, q/t) =
1
(pN ; pN )∞
· chŝlNL(Λ(K,µ)).
Note that the factor 1/(pN ; pN )∞ is interpreted as the ĝl1 character. A proof of this is
given in §3.4 based on the affine Gelfand-Tsetlin pattern obtained in [FFNR], which we can
regard as Tingley’s ŝlN -crystal [T].
Proposition 1.8. Let K = 0, µ = ∅. Then (4) means si = 1 (1 ≤ i ≤ N) and κ = t
−1. Let
q and t be arbitrary. In this case, we have
f ĝlN (x, p|1, . . . , 1, t−1|q, q/t) =
1
(pN ; pN )∞
.
Proofs of Theorem 1.7 and Proposition 1.8 are given in §3.4
Proposition 1.8 and the Poincare´ duality in Conjecture 1.5 imply the following evaluation
formula.
Conjecture 1.9. Set x = (1, . . . , 1) and p = 1/t. We have the identity (evaluation formula)
in Q(q)[s2/s1, s3/s2, . . . , s1/sN ][[1/t, κ]] as
f ĝlN (1, . . . , 1, 1/t|s, κ|q, q/t) =
1
(κN ;κN )∞
(
(q/t; q)∞
)N
(5)
×
(
(κNq/t; q, κN )∞
(κNq; q, κN )∞
)N ∏
1≤i<j≤N
(κj−iqsj/tsi; q, κ
N )∞
(κj−iqsj/si; q, κN )∞
(κN−j+iqsi/tsj ; q, κ
N )∞
(κN−j+iqsi/sj; q, κN )∞
.
Setting our parameters as in (4) and letting t = qk (k ∈ Z>0), one finds that (5) looks
very close to the specialization formula for the affine Macdonald polynomials based on
the representation theories of quantum affine algebra Uq(ŝlN ) in [EK]. See Conjecture
11.3 in [EK], and Conjecture 4.3 in [RSV] as for the improved version. In view of this
correspondence and Conjecture 7.2 (for elliptic Calogero-Sutherland limit) in §7 below, we
strongly expect that Etingov and Kirillov Jr.’s affine Macdonald polynomial Ĵp
λ̂
coincide
with f ĝlN (x, p|s, κ|q, q/t) up to a normalization factor.
Since our description of f ĝlN (x, p|s, κ|q, q/t) (via the affine screening operators or the
affine Laumon spaces) is quite different from the ‘trace of intertwiner’ construction in [EK],
we have not been able to compare two objects, unfortunately. It is an intriguing problem
to establish the connection between them.
Now, we turn to the eigenvalue problem associated with the elliptic Ruijsenaars operator
[R], from the point of view of the series f ĝlN (x, p|s, κ|q, t). We use the multiplicative notation
for the elliptic theta function as Θp(z) = (z; p)∞(p/z; p)∞(p; p)∞.
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Definition 1.10. Let Dx(p) = Dx(p|q, t) denotes the Ruijsenaars operator [R]
Dx(p) =
N∑
i=1
∏
j 6=i
Θp(txi/xj)
Θp(xi/xj)
Tq,xi , (6)
where Tq,xi is the q-shift operator q
xi∂/∂xi .
Naively speaking, we take the “stationary limit κ → 1 of f ĝlN (x, p|s, κ|q, t)”. Such a
limit, however, does not exists. It seems that we need to normalize f ĝlN , before taking the
limit κ→ 1. The simplest way might be to divide f ĝlN by its constant term in x.
We closely follow the method developed in Atai and Langmann’s paper [AL] for the non-
stationary Heun and Lame´ equations. Let λ = (λ(1), . . . , λ(N)) be an N -tuple of partitions.
Set
|λ| =
N∑
i=1
|λ(i)|, mi = mi(λ) =
N∑
β=1
∑
α≥1
α+β≡i (modN)
λ(β)α − λ
(β+1)
α .
Then we have
∏N
β=1
∏
α≥1(pxα+β/txα+β−1)
λ
(β)
α = (p/t)|λ|
∏N
i=1 x
mi
i . Note that when m1 =
· · · = mN = 0, we have |λ| ≡ 0 (modN).
Definition 1.11. Let α(p|s, κ|q, t) =
∑
d≥0 p
Ndαd(s, κ|q, t) be the constant term of the
series f ĝlN (x, p|s, κ|q, t) with respect to xi’s. Namely,
α(p|s, κ|q, t) =
∑
λ(1),...,λ(N)∈P
m1=···=mN=0
(p/t)|λ|
N∏
i,j=1
N
(j−i|N)
λ(i),λ(j)
(tsj/si|q, κ)
N
(j−i|N)
λ(i),λ(j)
(sj/si|q, κ)
.
Conjecture 1.12. We have the properties:
(1) The series f ĝlN (x, p|s, κ|q, t) is convergent on a certain domain. With respect to κ,
it is regular on a certain punctured disk {κ ∈ C||κ− 1| < r, κ 6= 1} .
(2) The f ĝlN (x, p|s, κ|q, t) and α(p|s, κ|q, t) are essential singular at κ = 1. (The coef-
ficient αd(s, κ|q, t) has a pole of degree d in κ at κ = 1.)
(3) The ratio f ĝlN (x, p|s, κ|q, t)/α(p|s, κ|q, t) is regular at κ = 1.
Definition 1.13. Assuming Conjecture 1.12, set
f st.ĝlN (x, p|s|q, t) =
f ĝlN (x, p|s, κ|q, t)
α(p|s, κ|q, t)
∣∣∣∣∣
κ=1
.
We call f st.ĝlN (x, p|s|q, t) the stationary Ruijsenaars function.
Now, we are ready to state our main conjecture.
Conjecture 1.14 (Main Conjecture). Let s = tδqλ (si = t
N−iqλi). Denote by pδ/Nx
the collection of the shifted coordinates p(N−i)/Nxi. The stationary Ruijsenaars function
xλf st.ĝlN (pδ/Nx, p1/N |s|q, q/t) is an eigenfunction of the Ruijsenaars operator:
Dx(p)x
λf st.ĝlN (pδ/Nx, p1/N |s|q, q/t) = ε(p|s|q, t)xλf st.ĝlN (pδ/Nx, p1/N |s|q, q/t),
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ε(p|s|q, t) =
N∑
i=1
si +
∑
d>0
εd(s|q, t)p
d.
To check the conjecture, we first need to formulate the eigenvalue problem associated
with the Ruijsenaars operator on the space of formal series Q(q, t, s)[[px2/x1, . . . , pxN/x1]],
clarifying the meaning of the perturbation in p. Then we can make a systematic check. The
detail will be reported elsewhere [LNS] (a joint work with E. Langmann and M. Noumi).
We investigate the implications of Conjecture 1.14, in the Macdonald (p→ 0, in §4), the
affine q-Toda (t → 0, in §6), and the elliptic Calogero-Sutherland (q, t → 1, in §7) limits.
For the moment, unfortunately, we have not been able to find a non-stationary analogue (a
κ-deformation) of the Ruijsenaars operator Dx(p), or t-deformation of the non-stationary
q-affine Toda operator TĝlN (κ) in Definition 6.1 below, for which f ĝlN (x, p|s, κ|q, q/t) should
give us the eigenfunction. We strongly expect that Felder and Varchenko’s q-deformed KZB
heat equation provides us with the answer [FV1, FV2, FV3].
The present paper is organized as follows. In Section 2, we introduce the screened
vertex operator Φi(z|x, p) associated with the algebra of the affine screening operators.
In Section 3, we recall some basic facts concerning the affine Laumon spaces, and iden-
tify f ĝlN (x, p|s, κ|q, 1/t) with the generating function for the Euler characteristics of the
affine Laumon spaces. It is shown that we have the dominant integrable characters from
f ĝlN (x, p|s, κ|q, q/t) by taking the limit t→ q with s and κ being chosen as in Definition 1.6.
In Section 4, we study the Macdonald limit p→ 0. Section 5 is devoted to the derivations of
the Macdonald operator, the elliptic Calogero-Sutherland operator, and the affine q-Toda
operator. This technical section is necessary to have a unified picture about the family
of elliptic integrable systems based on the elliptic Ruijsenaars operator, on which we can
argue the validity of Conjecture 1.5. In Section 6, we introduce the operator TĝlN (q, p˜, κ)
representing the non-stationary affine Toda in the q-difference setting. Then we explain
what does Conjecture 1.5 imply in the Toda limit t→ 0. In Section 7, we test Conjecture
1.5 in the elliptic Calogero-Sutherland limit q, t→ 1.
In this paper we state several Propositions, Lemmas etc. without proof; all such results
are standard and can be proved by straightforward computations using definitions.
We use the standard notation for the q-shifted factorials and the double infinite products
such as
(u; q)∞ =
∞∏
i=0
(1− qiu), (u; q)n = (u; q)∞/(q
nu; q)∞, (u; q, p)∞ =
∞∏
i,j=0
(1− qipju). (7)
As for the detail, see [GR].
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2. Affine screening operators and f ĝlN (x, p1/N |s, κ1/N |q, t)
2.1. Heisenberg algebra hN . As for the Heisenberg algebra and the affine (or toroidal)
screening operators, we basically follow the construction in [FKSW1, FKSW2, KS].
Definition 2.1. Let N ∈ Z≥2. Let hN be the Heisenberg algebra generated by β
0
n, β
1
n, . . . , β
N−1
n
(n ∈ Z 6=0) satisfying the commutation relations
[βin, β
i
m] = n
1− tn
1− qn
1− κnqnt−n
1− κn
δn+m,0 (i = 0, . . . , N − 1),
[βin, β
j
m] = n
1− tn
1− qn
1− qnt−n
1− κn
κn(−i+j)/Nδn+m,0 (0 ≤ i < j ≤ N − 1),
[βin, β
j
m] = n
1− tn
1− qn
1− qnt−n
1− κn
κn(N−i+j)/Nδn+m,0 (0 ≤ j < i ≤ N − 1).
Let FN be the Fock space associated with hN , and let |0〉 be the Fock vacuum satisfying
βin|0〉 = 0 (1 ≤ i ≤ N,n > 0). Let 〈0| be the dual vacuum satisfying 〈0|β
i
n = 0 (1 ≤ i ≤
N,n < 0) and 〈0|0〉 = 1.
By an abuse of notation, let ω be the automorphism of hN defined by the cyclic permu-
tation ω βin = β
i+1
n (0 ≤ i ≤ N − 2), and ω β
N−1
n = β
0
n. Note that we have ω
N = id.
Definition 2.2. Set αin = κ
−n/Nβi−1n − β
i
n (1 ≤ i ≤ N − 1), and α
0
n = κ
−n/NβN−1n − β
0
n.
We have ω αin = α
i+1
n , where α
N
n = α
0
n.
Proposition 2.3. For 0 ≤ i ≤ N − 1, we have
[αin, α
i
m] = n(1 + q
nt−n)
1− tn
1− qn
δn+m,0,
[αin, α
i+1
m ] = −nκ
n/Nqnt−n
1− tn
1− qn
δn+m,0, [α
i
n, α
i−1
m ] = −nκ
−n/N 1− t
n
1− qn
δn+m,0,
and [αin, α
j
m] = 0 otherwise.
Proposition 2.4. For 0 ≤ i, j ≤ N − 1, we have
[βin, α
i+1
m ] = nκ
n/Nqnt−n
1− tn
1− qn
δn+m,0, [β
i
n, α
i
m] = −n
1− tn
1− qn
δn+m,0,
and [βin, α
j
m] = 0 otherwise.
2.2. Affine screening operators Si(z). In this paper we only work out the case N ≥ 3.
The case N = 2 has to be treated separately, which we omit. We remark that the final
result given in Theorem 2.13 below also applies for the case N = 2.
Definition 2.5. For 0 ≤ i ≤ N − 1, set
Si(z) = : exp
−∑
n 6=0
1
n
αinz
−n
 : = exp(∑
n>0
1
n
αi−nz
n
)
exp
(
−
∑
n>0
1
n
αinz
−n
)
.
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Here and hereafter, we use the standard notation for the normal ordered product : • :, i.e.
we put all the annihilation operators βin (0 ≤ i ≤ N − 1, n > 0) to the right of the creation
ones βi−n (0 ≤ i ≤ N − 1, n > 0). Note that we have ωSi(z) = Si+1(z). We call Si(z)’s the
affine screening operators.
Proposition 2.6. For 0 ≤ i, j ≤ N − 1, we have
Si(z)Si(w) =
(w/z; q)∞
(tw/z; q)∞
(qw/tz; q)∞
(qw/z; q)∞
: Si(z)Si(w) :,
Si(z)Si+1(w) =
(κ1/Nqw/z; q)∞
(κ1/N qw/tz; q)∞
: Si(z)Si+1(w) :,
Si+1(z)Si(w) =
(κ−1/N tw/z; q)∞
(κ−1/Nw/z; q)∞
: Si+1(z)Si(w) :,
and Si(z)Sj(w) = Sj(w)Si(z) = : Si(z)Sj(w) : otherwise.
2.3. Vertex operators φi(z).
Definition 2.7. For 0 ≤ i ≤ N − 1, set
φi(z) = : exp
∑
n 6=0
1
n
βinz
−n
 : = exp(−∑
n>0
1
n
βi−nz
n
)
exp
(∑
n>0
1
n
βinz
−n
)
.
Note that we have ωφi(z) = φi+1(z).
Proposition 2.8. We have
φi(z)φi(w) =
(w/z; q, κ)∞
(tw/z; q, κ)∞
(κqw/z; q, κ)∞
(κqw/tz; q, κ)∞
: φi(z)φi(w) : (0 ≤ i ≤ N − 1),
φi(z)φj(w) =
(κ(−i+j)/Nw/z; q, κ)∞
(κ(−i+j)/N tw/z; q, κ)∞
(κ(−i+j)/Nqw/z; q, κ)∞
(κ(−i+j)/Nqw/tz; q, κ)∞
: φi(z)φj(w) :
(0 ≤ i < j ≤ N − 1),
φi(z)φj(w) =
(κ(−i+j+N)/Nw/z; q, κ)∞
(κ(−i+j+N)/N tw/z; q, κ)∞
(κ(−i+j+N)/Nqw/z; q, κ)∞
(κ(−i+j+N)/Nqw/tz; q, κ)∞
: φi(z)φj(w) :
(0 ≤ j < i ≤ N − 1).
Proposition 2.9. For 0 ≤ i, j ≤ N − 1 We have
φi(z)Si+1(w) =
(κ1/N qw/z; q)∞
(κ1/N qw/tz; q)∞
: φi(z)Si+1(w) :,
Si+1(w)φi(z) =
(κ−1/N tz/w; q)∞
(κ−1/Nz/w; q)∞
: φi(z)Si+1(w) :,
φi(z)Si(w) =
(w/z; q)∞
(tw/z; q)∞
: φi(z)Si(w) :, Si(w)φi(z) =
(qz/tw; q)∞
(qz/w; q)∞
: φi(z)Si(w) :,
φi(z)Sj(w) = : φi(z)Sj(w) :, Sj(w)φi(z) = : φi(z)Sj(w) : (j 6= i, i+ 1).
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Proposition 2.10. For 0 ≤ i ≤ N − 1, we have the fusion properties
φi(z) = : φi−1(κ
1/Nz)Si(z) : .
2.4. Screened vertex operators. We assume that the indices of Si(z) and φi(z) are
extended to Z assuming the cyclic identifications Si(z) = Si+N (z), φi(z) = φi+N (z). We use
the following notation for the ordered products:
x∏
1≤i≤ℓ
Ai := Aℓ · · ·A2A1. Let 0 ≤ i ≤ N−1,
and λ = (λ1, . . . , λℓ) ∈ P, where ℓ = ℓ(λ) denotes the length of λ. Set
φiλ(z) =φi−ℓ(κ
(ℓ+1)/N z)
x∏
1≤j≤ℓ
Si−j+1(κ
j/Nqλjz).
Then we introduce the stabilized version Φiλ(z) as follows.
Definition 2.11. For 1 ≤ i ≤ N − 1 and λ ∈ P, set
Φiλ(z) =
(
(q/t; q)∞
(q; q)∞
)ℓ(λ)
φiλ(z).
Thanks to the properties in Propositions 2.9 and 2.10, the operators Φiλ(z) are consistently
defined for all λ ∈ P.
Let (x, p) = (x1, . . . , xN , p) be a collection of parameters. Extend it to x = (xi)i∈Z
assuming the cyclic identification xi = xi+N .
Definition 2.12. Define the screened vertex operator Φi(z|x, p) by the infinite series
Φi(z|x, p) =
∑
λ∈P
Φiλ(z)
∏
k≥1
(p1/NxN−i+k/xN−i+k−1)
λk .
Set ωi = (ωi1, . . . , ω
i
N ) = (
i times︷ ︸︸ ︷
0, . . . , 0, 1, . . . , 1) ∈ ZN for 1 ≤ i ≤ N . Write tω
i
x =
(tω
i
1x1, . . . , t
ωi
NxN ) for simplicity. Let (s, κ) = (s1, . . . , sN , κ) be another collection of pa-
rameters.
Theorem 2.13. Let N ∈ Z≥2. We have
〈0|Φ0(s1|t
ωNx, p)Φ1(s2|t
ωN−1x, p) · · ·ΦN−1(sN |t
ω1x, p)|0〉
=
∏
1≤i<j≤N
(κ(j−i)/Nsj/si; q, κ)∞
(κ(j−i)/N tsj/si; q, κ)∞
(κ(j−i)/Nqsj/si; q, κ)∞
(κ(j−i)/N qsj/tsi; q, κ)∞
· f ĝlN (x, p1/N |s, κ1/N |q, t).
Proof. For i = 0, 1, . . . , N − 1, set |λ|(i) =
∑
j≡i+1 (modN) λj. It follows from Lemmas 2.14,
2.15 and 2.16 below, we have
LHS =
∑
λ(1),...,λ(N)∈P
〈0|Φ0
λ(N)
(s1)Φ
1
λ(N−1)
(s2) · · ·Φ
N−1
λ(1)
(sN )|0〉
×
N∏
j=1
∏
i≥1
(p1/Nxj+i/txj+i−1)
λ
(j)
i ·
N∏
i=1
t|λ
(i)|(0) ·
∏
0≤i<j≤N−1
t|λ
(N−i)|(N+i−j)+|λ(N−j)|(−i+j−1) = RHS.

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Lemma 2.14. For α = 0, 1, . . . , N − 1, we have∑
j≥i≥1
j−i≡α (modN)
λj − λj+1 =
∑
j≥1
⌊
j +N − 1− α
N
⌋
λj −
⌊
j +N − 1− α
N
⌋
λj+1 = |λ|
(α).
Lemma 2.15. For k = 0, . . . , N − 1, we have
Φkλ(z) = t
−|λ|(0) N
(0)
λλ (t|q, κ
1/N )
N
(0)
λλ (1|q, κ
1/N )
: φkλ(z) : . (8)
Lemma 2.16. Let 0 ≤ α < β ≤ N − 1, we have
: Φαλ(z) :: Φ
β
µ(w) : = t
−|λ|(N+α−β)t−|µ|
(−α+β−1) (κ(β−α)/Nw/z; q, κ)∞
(κ(β−α)/N tw/z; q, κ)∞
(κ(β−α)/N qw/z; q, κ)∞
(κ(β−α)/N qw/tz; q, κ)∞
×
N
(β−α)
µλ (tw/z|q, κ
1/N )
N
(β−α)
µλ (w/z|q, κ
1/N )
N
(α−β)
λµ (tz/w|q, κ
1/N )
N
(α−β)
λµ (z/w|q, κ
1/N )
: Φαλ(z)Φ
β
µ(w) : . (9)
Proofs of Lemmas 2.15 and 2.16 will be given in the next subsection.
2.5. Proofs of Lemmas 2.15 and 2.16. Proof of Lemma 2.15. Let ℓ = ℓ(λ). Write
zi = κ
i/Nqλiz for short. We have
Φkλ(z) =
(
(q/t; q)∞
(q; q)∞
)ℓ
φk−ℓ(zℓ+1)
x∏
1≤i≤ℓ
Sk−i+1(zi)
= : φk−ℓ(zℓ+1)
x∏
1≤i≤ℓ
Sk−i+1(zi) :
(
(q/t; q)∞
(q; q)∞
)ℓ
×
∏
1≤i≤ℓ
k−ℓ+1≡k−i+1 (modN)
(κ1/Nqzi/zℓ+1; q)∞
(κ1/N qzi/tzℓ+1; q)∞
·
∏
1≤i≤ℓ
k−ℓ≡k−i+1 (modN)
(zi/zℓ+1; q)∞
(tzi/zℓ+1; q)∞
×
∏
1≤i<j≤ℓ
k−j+2≡k−i+1 (modN)
(κ1/N qzi/zj ; q)∞
(κ1/N qzi/tzj ; q)∞
· ×
∏
1≤i<j≤ℓ
k−j+1≡k−i+2 (modN)
(κ−1/N tzi/zj ; q)∞
(κ−1/Nzi/zj ; q)∞
×
∏
1≤i<j≤ℓ
k−j+1≡k−i+1 (modN)
(zi/zj ; q)∞
(tzi/zj ; q)∞
(qzi/tzj ; q)∞
(qzi/zj ; q)∞
.
We separate the factors in two groups, and simplify each of them as follows. First, we have∏
1≤i≤ℓ
ℓ+1−i≡0 (modN)
(zi/zℓ+1; q)∞
(tzi/zℓ+1; q)∞
·
∏
1≤i<j≤ℓ
j−i≡−1 (modN)
(κ−1/N tzi/zj ; q)∞
(κ−1/Nzi/zj ; q)∞
·
∏
1≤i<j≤ℓ
j−i≡0 (modN)
(zi/zj ; q)∞
(tzi/zj ; q)∞
=
∏
1≤i≤j≤ℓ
j−i≡−1 (modN)
(κ−1/N tzi/zj ; q)∞
(κ−1/N zi/zj ; q)∞
(zi/zj+1; q)∞
(tzi/zj+1; q)∞
=
∏
1≤i<j≤ℓ
j−i≡−1 (modN)
(κ(i−j−1)/N qλi−λj t; q)λj−λj+1
(κ(i−j−1)/Nqλi−λj ; q)λj−λj+1
.
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Next, we have(
(q/t; q)∞
(q; q)∞
)ℓ ∏
1≤i≤ℓ
ℓ+1−i≡1 (modN)
(κ1/N qzi/zℓ+1; q)∞
(κ1/N qzi/tzℓ+1; q)∞
×
∏
1≤i<j≤ℓ
j−i≡1 (modN)
(κ1/N qzi/zj ; q)∞
(κ1/Nqzi/tzj ; q)∞
·
∏
1≤i<j≤ℓ
j−i≡0 (modN)
(qzi/tzj ; q)∞
(qzi/zj ; q)∞
=
∏
1≤i≤j≤ℓ
j−i≡0 (modN)
(κ1/N qzi/zj+1; q)∞
(κ1/Nqzi/tzj+1; q)∞
(qzi/tzj ; q)∞
(qzi/zj ; q)∞
=
∏
1≤i≤j≤ℓ
j−i≡0 (modN)
(κ(i−j)/N qλi−λj+1/t; q)λj−λj+1
(κ(i−j)/N qλi−λj+1; q)λj−λj+1
.
Using Lemma 2.14, we have (8). 
Proof of Lemma 2.16. It is sufficient to consider the case ℓ = ℓ(λ) = ℓ(µ). For simplicity,
set zi = κ
i/Nqλiz, and wi = κ
i/Nqµiz, meaning : φαλ(z) : = : φα−ℓ(zℓ+1)
∏
1≤i≤ℓ Sα−i+1(zi) :,
and : φβµ(w) : = : φβ−ℓ(wℓ+1)
∏
1≤j≤ℓ Sβ−j+1(wj) :. We have
(κ(β−α)/N tw/z; q, κ)∞
(κ(β−α)/Nw/z; q, κ)∞
(κ(β−α)/N qw/tz; q, κ)∞
(κ(β−α)/N qw/z; q, κ)∞
: φαλ(z) :: φ
β
µ(w) :
=
∏
1≤j≤ℓ
α−ℓ+1≡β−j+1 (modN)
(κ1/Nqwj/zℓ+1; q)∞
(κ1/N qwj/tzℓ+1; q)∞
·
∏
1≤j≤ℓ
α−ℓ≡β−j+1 (modN)
(wj/zℓ+1; q)∞
(twj/zℓ+1; q)∞
×
∏
1≤i≤ℓ
α−i+1≡β−ℓ+1 (modN)
(κ−1/N twℓ+1/zi; q)∞
(κ−1/Nwℓ+1/zi; q)∞
·
∏
1≤i≤ℓ
α−i+1≡β−ℓ (modN)
(qwℓ+1/tzi; q)∞
(qwℓ+1/zi; q)∞
×
∏
1≤i,j≤ℓ
α−i+2≡β−j+1 (modN)
(κ1/N qwj/zi; q)∞
(κ1/N qwj/tzi; q)∞
·
∏
1≤i,j≤ℓ
α−i+1≡β−j+2 (modN)
(κ−1/N twj/zi; q)∞
(κ−1/Nwj/zi; q)∞
×
∏
1≤i,j≤ℓ
α−i+1≡β−j+1 (modN)
(wj/zi; q)∞
(twj/zi; q)∞
(qwj/tzi; q)∞
(qwj/zi; q)∞
: φαλ(z)φ
β
µ(w) : .
Separate the factors in two groups, and simplify each of them as follows. First, we have∏
1≤j≤ℓ
α−β+1≡ℓ+1−j (modN)
(wj/zℓ+1; q)∞
(twj/zℓ+1; q)∞
·
∏
1≤i≤ℓ
α−β−1≡i−ℓ−1 (modN)
(κ−1/N twℓ+1/zi; q)∞
(κ−1/Nwℓ+1/zi; q)∞
×
∏
1≤i,j≤ℓ
α−β−1≡i−j (modN)
(κ−1/N twj/zi; q)∞
(κ−1/Nwj/zi; q)∞
·
∏
1≤i,j≤ℓ
α−β≡i−j (modN)
(wj/zi; q)∞
(twj/zi; q)∞
=
∏
1≤j≤i≤ℓ
α−β−1≡i−j (modN)
(κ(j−i−1)/N qµj−λitw/z; q)λi−λi+1
(κ(j−i−1)/Nqµj−λiw/z; q)λi−λi+1
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×
∏
1≤i≤j≤ℓ
α−β≡i−j (modN)
(κ(j−i)/Nqµj+1−λitw/z; q)µj−µj+1
(κ(j−i)/N qµj+1−λiw/z; q)µj−µj+1
=
N
(β−α)
µλ (tw/z|q, κ
1/N )
N
(β−α)
µλ (w/z|q, κ
1/N )
.
Next, we have
∏
1≤j≤ℓ
α−ℓ+1≡β−j+1 (modN)
(κ1/N qwj/zℓ+1; q)∞
(κ1/N qwj/tzℓ+1; q)∞
·
∏
1≤i≤ℓ
α−i+1≡β−ℓ (modN)
(qwℓ+1/tzi; q)∞
(qwℓ+1/zi; q)∞
×
∏
1≤i,j≤ℓ
α−i+2≡β−j+1 (modN)
(κ1/Nqwj/zi; q)∞
(κ1/N qwj/tzi; q)∞
·
∏
1≤i,j≤ℓ
α−i+1≡β−j+1 (modN)
(qwj/tzi; q)∞
(qwj/zi; q)∞
=
∏
1≤i≤j≤ℓ
α−β+1≡i−j (modN)
(κ(j−i+1)/N qµj+1−λi+1w/tz; q)µj−µj+1
(κ(j−i+1)/Nqµj+1−λi+1w/z; q)µj−µj+1
×
∏
1≤j≤i≤ℓ
α−β≡i−j (modN)
(κ(j−i)/N qµj−λi+1w/tz; q)λi−λi+1
(κ(j−i)/Nqµj−λi+1w/z; q)λi−λi+1
= t−|µ|
(−α+β−1)
t−|λ|
(N+α−β)N
(α−β)
λµ (tz/w|q, κ
1/N )
N
(α−β)
λµ (z/w|q, κ
1/N )
,
where we have used Lemma 2.14. Hence we have (9). 
3. Affine Laumon spaces
3.1. Parabolic sheaves and affine Laumon spaces. We briefly recall the basic facts
concerning the affine Laumon spaces studied in [FFNR]. Let C and X be smooth projective
curves of genus zero. Fix a coordinate z (resp. y) on C (resp. X) and consider the action of
C∗ on C (resp. X) such that v(z) = v−2z (resp. c(y) = c−2y). We have CC
∗
= {0C,∞C}
and XC
∗
= {0X,∞X}. Let S = C×X, D∞ = C×∞X ∪∞C ×X, and D0 = C× 0X. Let
W be an N -dimensional vector space with a basis w1, . . . , wN . Let T˜ be the Cartan torus
acting on W as follows: for t = (t1, . . . , tn) ∈ T˜ we have t(wi) = t
2
iwi.
Let d = (d0, . . . , dN−1) ∈ Z
N
≥0. A parabolic sheaf F• of degree d is an infinite flag of
torsion free coherent sheaves of rank N on S : · · · ⊂ F−1 ⊂ F0 ⊂ F1 ⊂ · · · satisfying:
(a) Fk+N = Fk(D0) for any k,
(b) ch1(Fk) = k[D0] for any k,
(c) ch2(Fk) = di for i ≡ k (modN),
(d) F0 is locally free at D∞ and trivialized at D∞ : F0|D∞ =W ⊗ OD∞ ,
(e) For −N ≤ k ≤ 0 the sheaf Fk is locally free at D∞, and the quotient sheaves
Fk/F−N , F0/Fk (both supported at D0) are both locally free at the point∞C×0X;
moreover the local sections of Fk|∞C×X are those sections of F0|∞C×X = W ⊗ OX
which take value in 〈w1, . . . , wN+k〉 ⊂W at 0X ∈ X.
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The fine moduli space Pd of degree d parabolic sheaves exists, and is a smooth connected
quasiprojective variety of dimension 2d0 + · · · 2dN−1. The Pd is called the affine Laumon
space.
3.2. Fixed points in Pd. The group T˜ ×C
∗×C∗ acts on Pd, with the fixed point set being
finite. The fixed points associated with the action of C∗ × C∗ on the Hilbert scheme of
(C−∞C)× (X−∞X) are parametrized by the partitions. Namely for λ = (λ1, λ2, . . .) ∈ P,
we have the corresponding ideal Jλ = C[z] · (Cy
0zλ1 ⊕ Cy1zλ2 ⊕ · · · ). Write λ ⊃ µ for
indicating λi ≥ µi (i ≥ 1), and write λ⊃˜µ for λi ≥ µi+1 (i ≥ 1).
Let λ = (λkl)1≤k,l≤N be a collection of partitions satisfying
λ11 ⊃ λ21 ⊃ · · · ⊃ λN1⊃˜λ11, λ22 ⊃ λ32 ⊃ · · · ⊃ λ12⊃˜λ22, · · · ,
λNN ⊃ λ1N ⊃ · · · ⊃ λN−1,N ⊃˜λNN . (10)
Set dk(λ) =
∑N
l=1 |λ
kl|, and d = (d0(λ), . . . , dN−1(λ)), where d0(λ) := dN (λ).
For a collection λ satisfying (10), let F• = F•(λ) be the parabolic sheaf
Fk−N =
⊕
1≤l≤k
Jλklwl ⊕
⊕
k≤l≤N
Jλkl(−D0)wl.
The correspondence λ 7→ F•(λ) is a bijection between the set of collections λ satisfying
(10) and d(λ) = d, and the set of T˜ ×C∗ × C∗-fixed points in Pd.
We have the bijection between the set of collection of partitions satisfying (10) and the
set of collection of partitions (λ(1), . . . , λ(N)), given by λ
(l)
N(i−1)−N⌊k−l
N
⌋+k−l+1
= λkli . By an
abuse of notation we also write λ = (λ(1), . . . , λ(N)).
3.3. Character associated with the series f ĝlN (x, p|s, κ|q, t). For any product of the
form P =
∏
a,b≥0(1− q
aκbu)nab , set L(P ) =
∑
a,b≥0 nabq
−aκ−bu−1.
Proposition 3.1. Let λ = (λ(1), . . . , λ(N)) be an N -tuple of partitions. Assume the cyclic
identification as λ(i) = λ(i+N) (i ∈ Z). We have the character ch(λ) of the denominator in
the series f ĝlN (x, p|s, κ|q, t), i.e. ch(λ) := L
∏N
i,j=1N
(j−i|N)
λ(i),λ(j)
(sj/si|q, κ) as
ch(λ) =
N∑
i=1
∑
l≤l′≤i
q
λ
(l′)
i+1−l′
−λ
(l)
i+1−lκl−l
′ sl
sl′
q
1− qλ
(l)
i+1−l−λ
(l)
i+2−l
1− q
+
N∑
i=1
∑
l′<l≤i
q
λ
(l′)
i+1−l′
−λ
(l)
i+1−lκl−l
′ sl
sl′
q
1− q
λ
(l′)
i−l′
−λ
(l′)
i+1−l′
1− q
.
Introduce a collection (dij(λ)) = d˜(λ) by setting dk,l(λ) = λ
(l)
k−l+1.
Proposition 3.2. The ch(λ) can be recast as
ch(λ) =
N∑
i=1
∑
l′≤i−1
∑
l≤i
κl−l
′ sl
sl′
q
(1− qdi−1,l′ )(1− q−di,l)
1− q
+
N∑
i=1
∑
l′≤i−1
κk−l
′ sk
sl′
q
1− qdi−1,l′
1− q
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−
N∑
i=1
∑
l′≤i
∑
l≤i
κl−l
′ sl
sl′
q
(1− qdi,l′ )(1− q−di,l)
1− q
−
N∑
i=1
∑
l≤i
κl−k
sl
sk
q
1− q−di,l
1− q
.
Note that we have κl−l
′ sl
sl′
∣∣
s→κδs
= κN⌊
l
N
⌋−N⌊ l
′
N
⌋ sl
sl′
, where κδs = (κN−1s1, . . . , sN ).
Theorem 3.3. With the identification t2i = κ
N−isi, q
′ = κN (q being the same for both),
the ch(λ) coincides with the torus character in a fixed tangent space to Pd. (See Propo-
sition 4.15 and Remark 4.17 in [FFNR].) Hence the Euler characteristic Jd(s, κ|q, t) :=
[H•(Pd,Ω
•
Pd
)] of the de Rham complex on Pd is given via the Atiyah-Bott-Lefschetz local-
ization technique as
Jd(s, κ|q, t) =
∑
i,j
(−1)i+jtj [H i(Pd,Ω
j
Pd
)] =
∑
λ
d=d(λ)
N∏
i,j=1
N
(j−i|N)
λ(i),λ(j)
(sj/tsi|q, κ)
N
(j−i|N)
λ(i),λ(j)
(sj/si|q, κ)
,
where [H i(Pd,Ω
j
Pd
)] denotes the character of H i(Pd,Ω
j
Pd
) as a representation of T˜×C∗×C∗.
Proposition 3.4. The non-stationary Ruijsenaars function is the generating function for
the Euler characteristics of the affine Laumon spaces
f ĝlN (x, p|s, κ|q, 1/t) =
∑
d
Jd(s, κ|q, t)
N∏
i=1
(ptxi+1/xi)
di .
A geometric construction is given in [BFS] for the Macdonald functions based on the
Laumon spaces. Theorem 3.3 is an affine analogue of it.
3.4. Proofs of Theorem 1.7 and Proposition 1.8. Let K and µ = (µ1, . . . , µN ) be as
in Definition 1.6. Set s = (κt)δqµ = q−Kδ/N+µ and κ = q−K/N t−1. Then we want to show
that
lim
t→q
xµf ĝlN (x, p|q−Kδ/N+µ, q−K/N t−1|q, q/t) =
1
(pN ; pN )∞
· chŝlNL(Λ(K,µ)).
Proof of Theorem 1.7. First we impose the conditions (4) while q and t still being indepen-
dent. We need to investigate the vanishing conditions for the numerators of the coefficients
of the series f ĝlN (x, p|q−Kδ/N+µ, q−K/N t−1|q, q/t). We have
N∏
i,j=1
N
(j−i|N)
λ(i),λ(j)
(qsj/tsi|q, κ)
=
N∏
i,j=1
∏
β≥α≥1
β−α≡j−i (modN)
(q−
K
N
(i−j−α+β)+µj−µi−λ
(j)
α +λ
(i)
β+1tα−β−1; q)
λ
(i)
β
−λ
(i)
β+1
×
∏
β≥α≥1
β−α≡N−j+i−1 (modN)
(q−
K
N
(i−j+α−β−1)+µj−µi+λ
(i)
α −λ
(j)
β tβ−α; q)
λ
(j)
β
−λ
(j)
β+1
.
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Note that the terms containing tα with α 6= 0 do not contribute for vanishing. Then we
find that the vanishing is caused only from
∞∏
α=1
(qK+µN−µ1+λ
(1)
α −λ
(N)
α ; q)
λ
(N)
α −λ
(N)
α+1
·
N−1∏
j=1
∞∏
α=1
(qµj−µj+1+λ
(j+1)
α −λ
(j)
α ; q)
λ
(j)
α −λ
(j)
α+1
.
Hence the condition for the vanishing is equivalent to the set of inequalities
λ(N)α − λ
(1)
α ≤ K + µN − µ1 (α ≥ 1),
λ(j)α − λ
(j+1)
α ≤ µj − µj+1 (1 ≤ j < N,α ≥ 1).
This is equivalent to the conditions for the affine Gelfand-Tsetlin patterns D(µ)
d˜ ∈ D(µ) iff dij − µ˜j ≤ di+l,j+l − µ˜j+l (j ≤ i, l ≥ 0),
where µ˜ = (µ˜i)i∈Z is the non increasing sequence µ˜i = µi (modN) + ⌊
−i
N ⌋K. It is proved
in [FFNR] that there is a weight preserving bijection between the set of affine Gelfand-
Tsetlin patterns and the basis vectors of L(Λ(K,µ)) ⊗ F (F stands for the space spanned
by partitions). Note that their proof is based on the ŝlN -crystal of Tingley constructed on
the set of cylindric plane partitions [T] .
Next we take the limit t→ q. Note that all the ratios of the Nekrasov factors in the limit
t→ q become one, whenever d˜ ∈ D(µ). Hence we have
lim
t→q
xµf ĝlN (x, p|q−Kδ/N+µ, q−K/N t−1|q, q/t)
= xµ
∑
d˜∈D(µ)
N∏
i=1
(pxi+1/xi)
di =
1
(pN ; pN )∞
· chŝlNL(Λ(K,µ)).

Next, let K = 0, µ = ∅, indicating that have si = 1 (1 ≤ i ≤ N) and κ = t
−1. In this
case, we show that
f ĝlN (x, p|1, . . . , 1, t−1|q, q/t) =
1
(pN ; pN )∞
.
Proof of Proposition 1.8. When K = 0, µ = ∅, we have the restriction λ
(i)
α = λ
(j)
α (1 ≤ i, j ≤
N). Write λ = λ(i) for short. Note that we have
∏N
i=1 N
(j−i|N)
λ,λ (u|q, 1/t) = Nλ,λ(u|q, 1/t),
and Nλ,λ(1|q, 1/t) = (t/q)
|λ|
Nλ,λ(q/t|q, 1/t). Hence f
ĝlN (x, p|1, . . . , 1, t−1|q, q/t) is written
as ∑
λ∈P
(
Nλ,λ(q/t|q, 1/t)
Nλ,λ(1|q, 1/t)
)N
(pq/t)N |λ| =
∑
λ∈P
pN |λ| =
1
(pN ; pN )∞
.

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4. Macdonald functions: the limit p→ 0
4.1. Macdonald functions. We recall some facts about the Macdonald functions [S, NS,
BFS].
Definition 4.1. Let D
glN
x = D
glN
x (q, t) be the Macdonald operator [M] of type glN
DglNx =
N∑
i=1
∏
j 6=i
txi − xj
xi − xj
Tq,xi ,
where Tq,xi denotes the q-shift operator Tq,xif(x1, . . . , xi, . . . , xN ) = f(x1, . . . , qxi, . . . , xN ).
LetM(N) be the set of strictly upper triangular matrices with nonnegative integer entries:
M
(N) = {θ = (θi,j)1≤i,j≤N |θi,j ∈ Z≥0, θi,j = 0 if i ≥ j}. Define recursively cN (θ; s; q, t) ∈
Q(q, t, s1, · · · , sN ) by c1(−; s1; q, t) = 1, and
cN (θ ∈ M
(N); s1, · · · , sN ; q, t) = cN−1(θ ∈ M
(N−1); q−θ1,N s1, · · · , q
−θN−1,N sN−1; q, t)
×
∏
1≤i≤j≤N−1
(tsj+1/si; q)θi,N
(qsj+1/si; q)θi,N
(q−θj,N qsj/tsi; q)θi,N
(q−θj,N sj/si; q)θi,N
.
We have
cN (θ; s1, · · · , sN ; q, t)
=
N∏
k=2
∏
1≤i≤j≤k−1
(q
∑N
a=k+1(θi,a−θj+1,a)tsj+1/si; q)θi,k
(q
∑N
a=k+1(θi,a−θj+1,a)qsj+1/si; q)θi,k
(q−θj,k+
∑N
a=k+1(θi,a−θj,a)qsj/tsi; q)θi,k
(q−θj,k+
∑N
a=k+1(θi,a−θj,a)sj/si; q)θi,k
.
Definition 4.2. Define f glN (x|s|q, t) ∈ Q(s, q, t)[[x2/x1, . . . , xN/xN−1]] by
f glN (x|s|q, t) =
∑
θ∈M(N)
cN (θ; s; q, t)
∏
1≤i<j≤N
(xj/xi)
θi,j .
Proposition 4.3 ([NS, BFS]). Let λ = (λ1, . . . , λN ) ∈ C
N , and set s = tδqλ (si = t
N−iqλi).
Then we have
DglNx x
λf glN (x|s|q, t) =
N∑
i=1
si x
λf glN (x|s|q, t).
Lemma 4.4. We have
lim
ǫ→0
f glN (x|ǫ−δs|q, t) =
∏
1≤i<j≤N
(qxj/xi; q)∞
(qxj/txi; q)∞
.
Proof. In the limit ǫ→ 0, we have ǫj−isj/si → 0 for 1 ≤ i < j ≤ N . Hence we have
LHS =
∑
θ∈M(N)
∏
1≤i<j≤N
(t; q)θi,j
(q; q)θi,j
(qxj/txi)
θi,j = RHS.

Remark 4.5. We remark that Proposition 1.3 is obtained in the same way as above.
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Definition 4.6. Let ϕglN (x|s|q, t) ∈ Q(q, t)[[x2/x1, . . . , xN/xN−1, s2/s1, . . . , sN/sN−1]] be
ϕglN (x|s|q, t) =
∏
1≤i<j≤N
(qxj/txi; q)∞
(qxj/xi; q)∞
f glN (x|s; q, t),
where cN (θ; s; q, t)’s are expanded in Q(q, t)[[s2/s1, . . . , sN/sN−1]].
Proposition 4.7 ([NS]). We have
ϕglN (x|s|q, t) = ϕglN (s|x|q, t) (bispectral duality),
ϕglN (x|s|q, t) = ϕglN (x|s|q, q/t) (Poincare´ duality).
4.2. Macdonald limit of f ĝlN (x, p|s, κ|q, t): p→ 0.
Proposition 4.8. We have limp→0 f
ĝlN (pδx, p|κδs, κ|q, t) = f glN (x|s|q, q/t).
Remark 4.9. Note that we have defined f ĝlN (x, p|s, κ|q, t) in such a way that we obtain
f glN (x|s|q, q/t) in the limit p → 0, instead of f glN (x|s|q, t). Some explanations about this
inconvenient definition is in order. (1) We started our construction based on the affine
screening operators with the Heisenberg algebra given in Definition 2.1. This notation seems
rather standard in the context of the deformed W -algebras, and it seems safe and reason-
able to stick to this convention. One may also expect that there are some representation
theoretical interpretations for having the exchange of the parameters t ↔ q/t. (2) We re-
gard f ĝlN (x, p|s, κ|q, t) as the generating function for the Euler characteristics of the affine
Laumon space (see Proposition 3.4), where the parameter 1/t counts the degrees of the dif-
ferential forms. Hence in this geometric context, the use of the parameter t (not q/t) seems
more natural.
Proof. While taking the limit p→ 0 of f ĝlN (pδx, p|κδs, κ|q, t), the partitions producing non
vanishing contribution to the summation satisfy ℓ(λ(i)) ≤ N − i (1 ≤ i ≤ N). Hence we can
parametrize them by using the set M(N) as λ
(i)
j =
∑N
k=i+j θi,k. Namely θi,j = λ
(i)
j−i−λ
(i)
j−i+1.
Assuming the restriction condition ℓ(λ(i)) ≤ N − i, we have for 1 ≤ i ≤ j ≤ N
N
(j−i|N)
λ(i),λ(j)
(u|q, κ) =
∏
1≤l≤k≤N−i
k=l+j−i
(uq−λ
(j)
l
+λ
(i)
k+1κ−l+k; q)
λ
(i)
k
−λ
(i)
k+1
=
N∏
k=j+1
(uq−
∑N
α=k θj,α+
∑N
α=k+1 θi,ακj−i; q)θi,k ,
and for 1 ≤ j < i ≤ N
N
(j−i|N)
λ(i),λ(j)
(u|q, κ) =
∏
1≤l≤k≤N−j
k=l+i−j−1
(uqλ
(i)
l
−λ
(j)
k κl−k−1; q)
λ
(j)
k
−λ
(j)
k+1
=
N∏
k=i
(uq
∑N
α=k+1 θi,α−
∑N
α=k θj,ακj−i; q)θj,k .
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Note that we have the rules for changing the order of products
∏
1≤i≤j≤N
∏N
k=j+1 =∏N
k=2
∏
1≤i≤j≤k−1 and
∏
1≤j<i≤N
∏N
k=i =
∏N
k=2
∏
1≤j<i≤k. Thus we obtain
N∏
i,j=1
N
(j−i|N)
λ(i),λ(j)
(κi−jtsj/si|q, κ)
N
(j−i|N)
λ(i),λ(j)
(κi−jsj/si|q, κ)
·
N∏
β=1
N−β∏
α=1
(xα+β/txα+β−1)
λ
(β)
α = cN (θ; s; q, q/t) ·
∏
1≤i<j≤N
(xj/xi)
θi,j .

5. Ruijsenaars operator and its particular limits
In this section, starting from the Ruijsenaars operator Dx(p), we take several particular
limits, deriving the Macdonald operator, the elliptic Calogero-Sutherland operator, and the
q-difference affine Toda operator.
5.1. Ruijsenaars operator. Let Dx(p) = Dx(p|q, t) be the Ruijsenaars operator in (6).
Definition 5.1. Changing the base as p→ pN , and making the shift in x as x→ p−δx, set
Dx(p) = Dx(p|q, t) by
Dx(p) = Dp−δx(p
N ) =
N∑
i=1
tN−i
i−1∏
j=1
ΘpN (p
i−jtxi/xj)
ΘpN (p
i−jxi/xj)
·
N∏
k=i+1
ΘpN (p
k−ixk/txi)
ΘpN (p
k−ixk/xi)
· Tq,xi .
Note that in terms of the modified Ruijsenaars operator Dx(p), the main conjecture
(Conjecture 1.14) is recast as
Dx(p)x
λf st.ĝlN (x, p|s|q, q/t) = ε(pN |s|q, t)xλf st.ĝlN (x, p|s|q, q/t),
where s = tδqλ (si = t
N−iqλi).
Definition 5.2. For simplifying our calculation in the limit q → 1, set D˜x(p) = D˜x(p|q, t)
by
D˜x(p) = x
βδ
Dx(p|q, t)x
−βδ =
N∑
i=1
i−1∏
j=1
ΘpN (p
i−jtxi/xj)
ΘpN (p
i−jxi/xj)
·
N∏
k=i+1
ΘpN (p
k−ixk/txi)
ΘpN (p
k−ixk/xi)
· Tq,xi.
5.2. Macdonald operator: limit p→ 0. We have the Macdonald operator D
glN
x (q, t) in
the limit p→ 0
DglNx (q, t) = lim
p→0
Dx(p) =
N∑
i=1
∏
j 6=i
txi − xj
xi − xj
Tq,xi .
5.3. Elliptic Calogero-Sutherland operator: limit q → 1. We set q = eh, t = eβh
and consider the limit h → 0 of the Ruijsenaars operator D˜x(p), while fixing β. As for the
details, we refer the readers to the work of Langmann [L] where the kernel function identity
for the non-stationary Calogero-Sutherland model was introduced.
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5.3.1. Derivatives of theta function and elliptic potential V (z|p). For studying the h expan-
sion of D˜x(p), we collect some simple facts concerning the derivatives of the theta function
Θp(z).
Definition 5.3. Set Θ
(1)
p (z) = z
∂
∂zΘp(z), and Θ
(2)
p (z) =
(
z ∂∂z
)2
Θp(z).
Lemma 5.4. We have
Θp(1/z) = Θp(pz), Θ
(1)
p (1/z) = −Θ
(1)
p (pz), Θ
(2)
p (1/z) = Θ
(2)
p (pz),
Θp(pz) = −z
−1Θp(z), Θ
(1)
p (pz) = z
−1Θp(z)− z
−1Θ(1)p (z),
Θ(2)p (pz) = −z
−1Θp(z) + 2z
−1Θ(1)p (z)− z
−1Θ(2)p (z), Θ
(1)
p (1) = Θ
(2)
p (1) = −(p; p)
3
∞,
− p
∂
∂p
Θp2(pz) +
(
z
∂
∂z
)2
Θp2(pz) = 0.
Definition 5.5. Set V (z|p) =
Θ
(2)
p (z)
Θp(z)
−
(
Θ
(1)
p (z)
Θp(z)
)2
.
Proposition 5.6. The potential V (z|p) is an elliptic function satisfying the conditions
V (pz|p) = V (z|p),
V (z|p) =−
1
(1− z)2
+
1
1− z
+ V0(p) +O(1− z),
V0(p) =2
1
(p; p)∞
p
∂(p; p)∞
∂p
= −2p− 6p2 − 8p3 − 14p4 − 12p5 − 24p6 − 16p7 − · · · .
Remark 5.7. Note that V (z|p) is essentially the Weierstrass’ ℘(u)
V (eiu|p) =
1
u2
+
1
12
+ V0(p) +O(u) = ℘(u) +
1
12
+ V0(p).
Lemma 5.8. We have
V0(p
N ) =
2
3N
1
Θ
(1)
pN
(1)
p
∂
∂p
Θ
(1)
pN
(1).
5.3.2. Elliptic Sutherland Hamiltonian Hβ(p).
Definition 5.9. Let ϑi = xi∂/∂xi. Set Hβ(p) as
Hβ(p) =
1
2
N∑
i=1
ϑ2i − β
∑
1≤i<j≤N
Θ
(1)
pN
(pj−ixj/xi)
ΘpN (p
j−ixj/xi)
(ϑi − ϑj) + β
2
∑
1≤i<j≤N
Θ
(2)
pN
(pj−ixj/xi)
ΘpN (p
j−ixj/xi)
+ β2
∑
1≤i<j<k≤N
Θ(1)pN (pj−ixj/xi)
ΘpN (p
j−ixj/xi)
Θ
(1)
pN
(pk−ixk/xi)
ΘpN (p
k−ixk/xi)
−
Θ
(1)
pN
(pj−ixj/xi)
ΘpN (p
j−ixj/xi)
Θ
(1)
pN
(pk−jxk/xj)
ΘpN (p
k−jxk/xj)
+
Θ
(1)
pN
(pk−ixk/xi)
ΘpN (p
k−ixk/xi)
Θ
(1)
pN
(pk−jxk/xi)
ΘpN (p
k−jxk/xj)
 .
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Proposition 5.10. Set q = eh, t = eβh. We have
D˜x(p) = N + h
N∑
i=1
ϑi + h
2Hβ(p) +O(h
3).
Lemma 5.11. We have the identity
Θ
(1)
pN
(xj/xi)
ΘpN (xj/xi)
Θ
(1)
pN
(xk/xi)
ΘpN (xk/xi)
−
Θ
(1)
pN
(xj/xi)
ΘpN (xj/xi)
Θ
(1)
pN
(xk/xj)
ΘpN (xk/xj)
+
Θ
(1)
pN
(xk/xi)
ΘpN (xk/xi)
Θ
(1)
pN
(xk/xj)
ΘpN (xk/xj)
=
1
2
Θ(2)pN (xj/xi)
ΘpN (xj/xi)
+
Θ
(2)
pN
(xk/xi)
ΘpN (xk/xi)
+
Θ
(2)
pN
(xk/xj)
ΘpN (xk/xj)

−
1
2
Θ(1)pN (xj/xi)
ΘpN (xj/xi)
−
Θ
(1)
pN
(xk/xi)
ΘpN (xk/xi)
+
Θ
(1)
pN
(xk/xj)
ΘpN (xk/xj)
− 1
N
1
Θ
(1)
pN
(1)
p
∂
∂p
Θ
(1)
pN
(1).
Lemma 5.12. Using the identity in Lemma 5.11 above, we can recast the three body inter-
action terms in Hβ as
∑
1≤i<j<k≤N
Θ(1)pN (pj−ixj/xi)
ΘpN (p
j−ixj/xi)
Θ
(1)
pN
(pk−ixk/xi)
ΘpN (p
k−ixk/xi)
−
Θ
(1)
pN
(pj−ixj/xi)
ΘpN (p
j−ixj/xi)
Θ
(1)
pN
(pk−jxk/xj)
ΘpN (p
k−jxk/xj)
+
Θ
(1)
pN
(pk−ixk/xi)
ΘpN (p
k−ixk/xi)
Θ
(1)
pN
(pk−jxk/xj)
ΘpN (p
k−jxk/xj)

=
∑
1≤i<j≤N
N − 2
2
Θ
(2)
pN
(pj−ixj/xi)
ΘpN (p
j−ixj/xi)
−
N − 2j + 2i
2
Θ
(1)
pN
(pj−ixj/xi)
ΘpN (p
j−ixj/xi)

−
(N − 1)(N − 2)
6
1
Θ
(1)
pN
(1)
p
∂
∂p
Θ
(1)
pN
(1).
Proposition 5.13. We have Hβ(p) written only with two body interaction terms as
Hβ(p) =
1
2
N∑
i=1
ϑ2i − β
∑
1≤i<j≤N
Θ
(1)
pN
(pj−ixj/xi)
ΘpN (p
j−ixj/xi)
(ϑi − ϑj)
+ β2
∑
1≤i<j≤N
N
2
Θ
(2)
pN
(pj−ixj/xi)
ΘpN (p
j−ixj/xi)
−
N − 2j + 2i
2
Θ
(1)
pN
(pj−ixj/xi)
ΘpN (p
j−ixj/xi)

− β2
(N − 1)(N − 2)
6
1
Θ
(1)
pN
(1)
p
∂
∂p
Θ
(1)
pN
(1).
5.3.3. Quasi-ground state ψ0(x, p) and elliptic Calogero-Sutherland Hamiltonian H
eCS(p).
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Definition 5.14. Set q = eh, t = eβh. In view of Definition 1.4, we introduce the quasi-
ground state ψ0(x, p|β) as follows.
ψ0(x, p|β) = lim
h→0
∏
1≤i<j≤N
(pj−iqxj/txi; q, p
N )∞
(pj−iqxj/xi; q, pN )∞
·
∏
1≤i≤j≤N
(pN−j+iqxi/txj; q, p
N )∞
(pN−j+iqxi/xj ; q, pN )∞
=
((pN ; pN )∞)N−N(N−1)/2 ∏
1≤i<j≤N
ΘpN (p
j−ixj/xi)
β .
Definition 5.15. Let HeCS(p) = HeCS(p|β) be the elliptic Calogero-Sutherland operator
HeCS(p) =
1
2
N∑
i=1
ϑ2i + β(β − 1)
∑
1≤i<j≤N
V (pj−ixj/xi|p
N ) +
β(β − 1)N
2
V0(p
N ).
Proposition 5.16. We have
ψ0(x, p)
(
Hβ(p) +
β(β − 1)N
2
V0(p
N )
)
ψ−10 (x, p) = H
eCS(p).
5.4. Affine q-Toda operator: t→ 0.
Definition 5.17. Define the ĝlN affine q-Toda operator D
ĝlNToda
x = D
ĝlNToda
x (q, p˜) by
DĝlNTodax = (1− p˜x2/x1)Tq,x1 + (1− p˜x3/x2)Tq,x2 + · · ·
· · ·+ (1− p˜xN/xN−1)Tq,xN−1 + (1− p˜x1/xN )Tq,xN .
Proposition 5.18. Putting p = p˜t in D˜x(p), we have the affine q-difference Toda operator
DĝlNToda(p˜) in the limit t→ 0 with p˜ being fixed
lim
t→0
p˜ fixed
D˜x(p˜t) = D
ĝlNToda
x (q, p˜).
6. Non-stationary and stationary ĝlN q-difference affine Toda equation:
the limit p, t→ 0
6.1. ĝlN non-stationary affine q-Toda operator T
ĝlN (κ). We study the limit p, t → 0
while the ratio p˜ = p/t being fixed. Let D
ĝlNToda
x be as in Definition 5.17.
Definition 6.1. Denote the Euler operators by ϑi = xi∂/∂xi (1 ≤ i ≤ N). Let ∆ be the
Laplacian ∆ = 12
∑N
i=1 ϑ
2
i . Introduce the operator T
ĝlN (κ) = TĝlN (q, p˜, κ) defined by
T
ĝlN (κ) =
N∏
i=1
1
(p˜qxi+1/xi; q)∞
· q∆Tκ,p˜,
where Tκ,p˜f(p˜) = f(κp˜) or equivalently Tκ,p˜ = κ
p˜∂/∂p˜. We call TĝlN (κ) the non-stationary
affine q-Toda operator.
Proposition 6.2. If κ = 1, then we have the commutativity [TĝlN (1),DĝlNToda] = 0. On
the other hand, we have [TĝlN (κ),DĝlNToda] 6= 0 when κ 6= 1.
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Remark 6.3. It seems a difficult problem to find such a κ-deformation of DĝlNToda that
which commutes with TĝlN (κ).
We call DĝlNTodaψ(x, p˜|s|q) = ε(p˜|s|q)ψ(x, p˜|s|q) the stationary problem for the affine
q-Toda system. Note that the eigenvalue ε(p˜|s|q) depends on the variable p˜. We call the
eigenvalue equation TĝlN (κ)ψ(x, p˜|s, κ|q) = ε(s|q)ψ(x, p˜|s, κ|q), the non-stationary problem
for the affine q-Toda system. One may regard this problem as a q-difference analogue of
the Heat equation (or a time dependent Schro¨dinger equation) in an affine Toda potential.
Note that the eigenvalue ε(s|q) in the non-stationary case does not depend in p˜.
6.2. Conjecture concerning non-stationary ĝlN q-difference affine Toda equation.
Definition 6.4. Set
f ĝlNToda(x, p˜|s, κ|q) = lim
t→0
f ĝlN (x, tp˜|s, κ|q, q/t).
Conjecture 6.5. Let si = q
λi. We have
T
ĝlN (κ)xλf ĝlNToda(x, p˜|s, κ|q) = q
1
2
∑N
i=1 λ
2
i xλf ĝlNToda(x, p˜|s, κ|q). (11)
Proposition 6.6. Let si = q
λi. The Poincare´ duality conjecture (3) in Conjecture 1.5
implies the non-stationary eigenvalue equation (11).
Recall that we have set mi = mi(λ) =
∑N
β=1
∑
α≥1
α+β≡i (modN)
λ
(β)
α − λ
(β+1)
α . Hence we have∏N
β=1
∏
α≥1(xα+β/xα+β−1)
λ
(β)
α =
∏N
i=1 x
mi
i .
Proposition 6.7. We have
f ĝlNToda(x, p˜|s, κ|q) (12)
=
∑
λ(1),...,λ(N)∈P
N∏
i=1
s−mii q
−m2i /2κ−|λ
(i)| ·
N∏
i,j=1
1
N
(j−i|N)
λ(i),λ(j)
(sj/si|q, κ)
·
N∏
β=1
N−β∏
α=1
(p˜xα+β/xα+β−1)
λ
(β)
α .
6.3. Proof of Propositions 6.6 and 6.7. The Poincare´ duality conjecture (3) in Conjec-
ture 1.5 is recast as∏
1≤i<j≤N
(pj−itxj/xi; q, p
N )∞
(pj−iqxj/txi; q, pN )∞
·
∏
1≤i≤j≤N
(pN−j+itxi/xj ; q, p
N )∞
(pN−j+iqxi/txj ; q, pN )∞
f ĝlN (x, p|s, κ|q, t)
=f ĝlN (x, p|s, κ|q, q/t).
Setting p = p˜t and taking the limit t→ 0, we have
N∏
i=1
1
(p˜qxi+1/xi; q)∞
lim
t→0
f ĝlN (x, tp˜|s, κ|q, t) = f ĝlNToda(x, p˜|s, κ|q). (13)
Lemma 6.8. We have
lim
t→0
N∏
i,j=1
N
(j−i|N)
λ(i),λ(j)
(tsj/si|q, κ)
N
(j−i|N)
λ(i),λ(j)
(sj/si|q, κ)
=
N∏
i,j=1
1
N
(j−i|N)
λ(i),λ(j)
(sj/si|q, κ)
,
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lim
t→0
(p˜t2/q)
∑
i |λ
(i)|
N∏
i,j=1
N
(j−i|N)
λ(i),λ(j)
(qsj/tsi|q, κ)
N
(j−i|N)
λ(i),λ(j)
(sj/si|q, κ)
=
N∏
i=1
s−mii q
−m2i /2(p˜/κ)|λ
(i)| ·
N∏
i,j=1
1
N
(j−i|N)
λ(i),λ(j)
(sj/si|q, κ)
.
Lemma 6.9. We have ∆ xλ
∏N
i=1 x
mi
i =
∑N
i=1
(
1
2λ
2
i + λimi +
m2i
2
)
xλ
∏N
i=1 x
mi
i , namely
q∆ xλ
∏N
i=1 x
mi
i = q
1
2
∑
i λ
2
i
∏N
i=1 s
mi
i q
m2i /2 · xλ
∏N
i=1 x
mi
i .
Lemma 6.10. From Lemmas 6.8 and 6.9, we have
q
1
2
∑
i λ
2
i xλ lim
t→0
f ĝlN (x, tp˜|s, κ|q, t)
= q∆Tκ,p˜ x
λ lim
t→0
f ĝlN (x, tp˜|s, κ|q, t/q) = q∆Tκ,p˜ x
λf ĝlNToda(x, p˜|s, κ|q).
Proof of Proposition 6.7. The formula (12) follows from Lemma 6.8. 
Proof of Proposition 6.6. Lemma 6.10 shows that (13), namely the Poincare´ duality con-
jecture in t→ 0, is nothing but the non-stationary Toda equation (11). 
6.4. Limit from non-stationary affine q-Toda to stationary affine q-Toda: the
limit κ→ 1. Even though the operator TĝlN (κ) itself has no singularity at κ = 1, and the
commutativity [TĝlN (1),DĝlNToda] = 0 takes place, the behavior of f ĝlNToda in the vicinity
of κ = 1 is quite subtle. This is because the operator TĝlN (1) commutes with multiplication
by any function in p˜, producing drastic degenerations in the spectrum, resulting Jordan
blocks of infinite size lacking any eigenspaces. However, we still find some nice structure.
Definition 6.11. Let α(p˜) = α(p˜|s, κ|q) =
∑
d≥0 p˜
Ndαd(s, κ|q) be the constant term of
f ĝlNToda(x, p˜|s, κ|q) with respect to xi’s. Namely,
α(p˜) =
∑
λ(1),...,λ(N)∈P
m1=···=mN=0
(p˜/κ)|λ|
N∏
i,j=1
1
N
(j−i|N)
λ(i),λ(j)
(sj/si|q, κ)
.
Conjecture 6.12. We have the properties:
(1) The series f ĝlNToda is convergent on a certain domain. With respect to κ, it is
regular on a certain punctured disk {κ ∈ C||κ− 1| < r, κ 6= 1} .
(2) The f ĝlNToda and α(p˜) are essential singular at κ = 1. The αd(s, κ|q) has a pole of
degree d in κ at κ = 1.
(3) The ratio f ĝlNToda/α(p˜) is regular at κ = 1.
(4) The ratio α(p˜)/α(κp˜) is regular at κ = 1. The limit limκ→1 α(p˜)/α(κp˜) is a non-
trivial function, which is Taylor expanded in p˜N .
Conjecture 6.12 suggests the following scheme for analyzing the eigenvalue problem of
stationary q-affine Toda equation.
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Definition 6.13. Assuming Conjecture 6.12, set
f st. ĝlNToda(x, p˜|s|q) =
f ĝlNToda(x, p˜|s, κ|q)
α(p˜|s, κ|q)
∣∣∣∣∣
κ=1
, ε(p˜|s|q) = q
1
2
∑n
i=1 λ
2
i
α(p˜|s, κ|q)
α(κp˜|s, κ|q)
∣∣∣∣∣
κ=1
.
The conjecture (11) implies that we have
T
ĝlN (κ)xλ
f ĝlNToda(x, p˜|s, κ|q)
α(p˜|s, κ|q)
= q
1
2
∑n
i=1 λ
2
i
α(p˜|s, κ|q)
α(κp˜|s, κ|q)
xλ
f ĝlNToda(x, p˜|s, κ|q)
α(p˜|s, κ|q)
.
Then Conjecture 6.12 asserts the existence of the limit κ→ 1 of this.
Conjecture 6.14. We have
T
ĝlN (1)xλf st. ĝlNToda(x, p˜|s|q) = ε(p˜|s|q)xλf st.ĝlNToda(x, p˜|s|q).
Because of the commutativity [TĝlN (1),DĝlNToda] = 0, the xλf st. ĝlNToda(x, p˜|s|q) should
also be the eigenfunction of the stationary affine Toda operator DĝlNToda.
Conjecture 6.15. We have
DĝlNToda xλf st. ĝlNToda(x, p˜|s|q) = εD(p˜|s|q)xλf st. ĝlNToda(x, p˜|s|q),
εD(p˜|s|q) =
n∑
i=1
si +
∞∑
k=1
εDk (s|q)p˜
Nk.
7. Non-stationary and stationary elliptic Calogero-Sutherland equation:
limt q, t→ 1
7.1. Non-stationary elliptic Calogero-Sutherland equation. Let HeCS(p) be the el-
liptic Calogero-Sutherland operator in Definition 5.15. The non-stationary elliptic Calogeor
equation is defined to be the eigenvalue equation(
k p
∂
∂p
+HeCS(p|β)
)
ψ(x, p|λ, k|β) = ε(λ) ψ(x, p|λ, k|β).
Definition 7.1. Set q = eh, t = eβh, si = q
λi (1 ≤ i ≤ N), and κ = ekh. Define
f eCS(x, p|λ, k|β) and ϕeCS(x, p|λ, k|β) by the limits
f eCS(x, p|λ, k|β) = lim
h→0
f glN (x, p|s, κ|q, q/t),
ϕeCS(x, p|λ, k|β) = lim
h→0
ϕglN (x, p|s, κ|q, q/t).
Note that ϕeCS(x, p|λ, k|β) = ψ0(x, p|β)f
eCS(x, p|λ, k|β).
Conjecture 7.2. We have(
k p
∂
∂p
+HeCS(p|β)
)
xλϕeCS(x, p|λ, k|β) =
1
2
N∑
i=1
λ2i x
λϕeCS(x, p|λ, k|β).
Or equivalently that(
k
(
1
ψ0
p
∂ψ0
∂p
)
+ k p
∂
∂p
+Hβ(p) +
β(β − 1)N
2
V0(p
N )
)
xλf eCS(x, p|λ, k|β)
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=
1
2
N∑
i=1
λ2i x
λf eCS(x, p|λ, k|β).
7.2. Explicit formula for f eCS(x, p|λ, k|β). Denote by (a)n = a(a+ 1) · · · (a+ n− 1) the
ordinary shifted product.
Definition 7.3. For l ∈ Z/NZ, and λ, µ ∈ P, set
N
(l|N)
λ,µ (v|k) =
∏
j≥i≥1
j−i≡l (modN)
(v − µi + λj+1 − (i− j)k)λj−λj+1
×
∏
β≥α≥1
β−α≡−l−1 (modN)
(v + λα − µβ + (α− β − 1)k)µβ−µβ+1 .
Lemma 7.4. Let q = eh, t = eβh, si = q
λi (1 ≤ i ≤ N), and κ = ekh. We have
f eCS(x, p|λ, k|β) = lim
h→0
f ĝlN (x, p|ehλ, ehk|eh, eh(1−β))
=
∑
µ(1),...,µ(N)∈P
N∏
i,j=1
N
(j−i|N)
µ(i),µ(j)
(1− β + λj − λi|k)
N
(j−i|N)
µ(i),µ(j)
(λj − λi|k)
·
N∏
β=1
∏
α≥1
(pxα+β/xα+β−1)
µ
(β)
α .
7.3. ŝlN dominant integrable character case. Let K,µ be as in Definition 1.6. This
in the differential case means that we set k = −KN − 1, β = 1. Note that we have the
ŝlN character as x
µf eCS(x, p|µ,−(K + N)/N |1) = chŝlNL(Λ(K,µ))/(p
N ; pN )∞. Note also that
when β = 1, the quasi-ground state ψ0(x, p|β = 1) (given in Definition 5.14) divided
by (pN ; pN )∞, i.e. ψ0(x, p|1)/(p
N ; pN )∞, is nothing but Weyl-Kac’s denominator for the
dominant integrable characters of ŝlN . Then the case β = 1 of Conjecture 7.2 reduces
to the heat equation for the numerator of the Weyl-Kac formula, i.e. for ψ0(x, p|1) ×
chŝlNL(Λ(K,µ))/(p
N ; pN )∞ = x
µϕeCS(x, p|µ,−(K +N)/N |1).
Proposition 7.5. Let β = 1, and K,µ be as in Definition 1.6. We have the heat equation(
−
K +N
N
p
∂
∂p
+
1
2
∆
)
xµϕeCS(x, p|µ,−(K +N)/N |1)
=
1
2
N∑
i=1
µ2i x
µϕeCS(x, p|µ,−(K +N)/N |1).
Next, consider the case K = 0 (i.e. k = −β), and µ = ∅ . Note that we have
f eCS(x, p|0, . . . , 0,−Nβ|β) = 1/(pN , pN )∞. This case gives another nontrivial check (for
arbitrary β) of Conjecture 7.2.
Proposition 7.6. We have(
−βp
∂
∂p
+HeCS(p|β)
)
ψ0(x, p|β)
1
(pN , pN )∞
= 0. (14)
We remark that this is a special case of Langmann’s kernel function identity [L].
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Proof. Equation (14) is equivalent to the following β independent equation∑
1≤i<j≤N
1
ΘpN (p
j−ixj/xi)
p
∂
∂p
ΘpN (p
j−ixj/xi)
=
∑
1≤i<j≤N
N
2
Θ
(2)
pN
(pj−ixj/xi)
ΘpN (p
j−ixj/xi)
−
N − 2j + 2i
2
Θ
(1)
pN
(pj−ixj/xi)
ΘpN (p
j−ixj/xi)
 ,
which follows from the heat equations for the theta function for 1 ≤ i < j ≤ N
−p
∂
∂p
ΘpN (p
j−ixj/xi) +
N
2
Θ
(2)
pN
(pj−ixj/xi)−
N − 2j + 2i
2
Θ
(1)
pN
(pj−ixj/xi) = 0.

7.4. Stationary elliptic Calogero-Sutherland equation: case k = 0.
Definition 7.7. Let α(p|λ, k|β) =
∑
d≥0 p
Ndαd(p|λ, k|β) be the constant term of the series
f eCS(x, p|λ, k|β) with respect to xi’s. Namely,
α(p|λ, k|β) =
∑
λ(1),...,λ(N)∈P
m1=···=mN=0
p|λ|
N∏
i,j=1
N
(j−i|N)
λ(i),λ(j)
(1− β + µj − µi|k)
N
(j−i|N)
λ(i),λ(j)
(µj − µi|k)
.
Conjecture 7.8. We have the properties:
(1) The series f eCS is convergent on a certain domain. With respect to k, it is regular
on a certain punctured disk {k ∈ C||k| < r, k 6= 0} .
(2) The f eCS and α(p|λ, k|β) are essential singular at k = 0. The αd(p|λ, k|β) has a
pole of degree d in k at k = 0.
(3) The ratio f eCS/α(p|λ, k|β) is regular at k = 0.
(4) The derivative 1kp∂/∂p log α(p|λ, k|β) is regular at k = 0, the limit k → 0 of which
being a nontrivial Taylor series in pN .
Definition 7.9. Assuming Conjecture 7.8, set
ϕst. eCS(x, p|λ, k|β) =
ϕeCS(x, p|λ, k|β)
α(p|λ, k|β)
∣∣∣
k=0
, ε(p|λ|β) =
1
2
n∑
i=1
λ2i +
1
k
p
∂
∂p
logα(p|λ, k|β)
∣∣∣
k=0
.
Conjectures 7.2 and 7.8 assert the following conjecture for the stationary elliptic Calogero-
Sutherland equation.
Conjecture 7.10. We have HeCS(p)xλϕst. eCS(x, p|λ|β) = ε(p|λ|β)xλϕst. eCS(x, p|λ|β).
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